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We examine the structure of lower-dimensional standard model vacua for two-dimensional compactifications
(on a 2D torus and on a 2D sphere). In the case of the torus we find a new standard model vacuum for a large
range of neutrino masses consistent with experiment. Quantum effects play a crucial role in the existence of
this vacuum. For the compactification on a sphere the classical terms dominate the effective potential for large
radii and a stable vacuum is achieved only by introducing a large magnetic flux. We argue that there are no
two-dimensional standard model vacua for compactifications on a surface of genus greater than one.
I. INTRODUCTION
While the standard model coupled to gravity has a unique
four-dimensional vacuum, it has recently been shown [1] that
it may also have a landscape of three-dimensional vacua.
There might even exist vacua of lower-dimensionality. Transi-
tions between such lower-dimensional vacua and the 4D stan-
dard model vacuum may have measurable effects on the cos-
mic microwave background radiation anisotropy ([2–4]; for
further discussions on transitions between vacua of different
dimensionality see [5, 6]).
In this paper we focus on the vacua associated with two-
dimensional compactifications of the standard model coupled
to gravity (on a 2D torus and a 2D sphere). Their exact geom-
etry is determined by competing contributions to the effective
lower-dimensional potential. Classical contributions come
from the four-dimensional cosmological constant and the cur-
vature term resulting from dimensional reduction, whereas
quantum contributions involve the Casimir energies of stan-
dard model particles. The basic formalism used in this paper
was developed in [1] and this work extends [1] by explicitly
finding new vacua for toroidal and spherical compactifications
of the standard model. Our goal in this paper is to show by ex-
plicit computation that new standard model vacua arise with
two compactified dimensions.
For the compactification on a 2D torus the only classi-
cal contribution to the effective potential is given by the 4D
cosmological constant term from the 4D action. As such,
the Casimir energies of standard model fields contribute sig-
nificantly to the shape of the effective potential. We find
that competitions between these contributions produce a new
AdS2 × T 2 standard model vacuum for a large range of neu-
trino masses and for a particular geometry of the toroidal
space. For a discussion of the role of Casimir energies in
higher-dimensional toroidal compactifications see for exam-
ple [7–13].
The effective potential for the compactification on a 2D
sphere, on the other hand, contains an extra classical term
unique to compactifications on curved spaces. We find sta-
ble AdS2 × S2 vacua when the magnetic flux through the 2D
sphere is large enough.
The work of this paper is not speculative. We determine
some vacua of the standard model with two compactified di-
mensions using only long distance physics. Understanding the
vacuum structure of the standard model is worthwhile even
though the ultimate utility of this knowledge remains uncer-
tain.
The results of this paper and [1] show that there are vacua
of the standard model where either one or two dimensions
are compactified. This opens the question: why did we end
up cosmologically in a vacuum with three large spatial di-
mensions? Since the toroidal and spherical compactifications,
which we find in this paper, correspond to an effective theory
with one large spatial dimension and a negative cosmological
constant, it is interesting to consider the rate for a tunneling
process that creates a two-dimensional anti de Sitter bubble.
Furthermore, since the new vacua areAdS3×S1,AdS2×T 2,
AdS2×S2, the AdS/CFT correspondence may provide an al-
ternative description of the standard model [1].
II. COMPACTIFICATION ON A 2D TORUS
Here we demonstrate the existence of lower-dimensional
vacua of the standard model coupled to gravity in the case of
a 2D compactification on a torus. We work in N spacetime
dimensions and consider the following spacetime interval,
ds2 = gµν(x)dx
µdxν + tij(x)dy
idyj , (1)
where gµν is the metric (gravitational convention) on the non-
compact spacetime with µ, ν = 0, 1, ..., N − 3 and tij is the
metric on the compact space with i, j = 1, 2. The compact
coordinates are yi ∈ [0, 2pi).
We parametrize the 2D torus with the metric
tij =
a2
τ2
(
1 τ1
τ1 |τ |2
)
, (2)
where τ = τ1 + iτ2 and a2 are the shape and volume mod-
uli, respectively, all being functions of the noncompact coor-
dinates xµ. The N -dimensional Einstein-Hilbert action is
S =
∫
dN−2x d2y
√−g(N−2) t
×
[
1
2
MN−2(N) R(N) −
(
ρ(N) + Λ(N)
)]
, (3)
where g(N−2) = det(gµν), t = det(tij) and M(N), R(N),
ρ(N), Λ(N) are the N -dimensional Planck mass, Ricci scalar,
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2Casimir energy density, and cosmological constant, respec-
tively. We note that
Λ(N) = Λ
obs
(N) − Λq.corr.(N) , (4)
where the superscript “obs” indicates the observable value and
“q.corr.” indicates the quantum correction in flat space.
After performing a reduction of the action from N to (N −
2) dimensions using the explicit form of the 2D torus metric,
we arrive at
S =
∫
dN−2x
√−g(N−2)[(2pia)2 1
2
MN−2(N)
(
R(N−2)
− (∂µτ1)
2 + (∂µτ2)
2
2τ22
+ 2
(∂µa)
2
a2
)
− V (a, τ)
]
, (5)
where V (a, τ) = (2pia)2
(
ρ(N) + Λ(N)
)
. In order to find sta-
tionary points we perform a conformal transformation of the
metric to the Einstein frame. The desired transformation is
gµν →
[
(2pia)2MN−2(N)
MN−4(N−2)
]− 2N−4
g(E)µν . (6)
The action now takes the form
S =
∫
dN−2x
√
−g(E)(N−2)
[
1
2
MN−4(N−2)
(
R(N−2)−
2(N − 2)
N − 4
(∂µa)
2
a2
− (∂µτ1)
2 + (∂µτ2)
2
2τ22
)
− Veff(a, τ)
]
, (7)
where
Veff(a, τ) =
[
(2pia)2MN−2(N)
MN−4(N−2)
]−(N−2N−4 )
V (a, τ) . (8)
Note that the conformal transformation does not exist for
N = 4, and we have to work in (4 + ) dimensions. We also
assume  > 0; otherwise, the stationary point of action (7)
wouldn’t be stable with respect to small spacetime dependent
fluctuations of the volume modulus a2. The conditions for the
existence of a stable stationary point can be easily obtained by
minimizing the effective potential and taking the limit → 0.
Those conditions are
V (a, τ) = 0 , ∂τ1,2V (a, τ) = 0 ,
∂aV (a, τ) < 0 , ∂
2
τ1,2V (a, τ) > 0 . (9)
Their derivation is given in [1]. The equations of motion for
the action (5) yield
4pi2aMN−2(N) R(N−2) = ∂aV (a, τ) (10)
at the stationary point. This means that minima of the effective
potential correspond to (two-dimensional) anti de Sitter vacua.
In the next step we compute quantum contributions to
the effective potential using dimensional regularization. The
Casimir energy density for a scalar of mass m in an N -
dimensional spacetime with N − 2 dimensions flat and 2 di-
mensions compactified on a torus, assuming periodic bound-
ary conditions, is1
ρ(N)(a, τ1, τ2,m) =
1
(2pia)2
1
2
∞∑
n1,n2=−∞
∫
dN−3k
(2pi)N−3
√
k2 + tijninj +m2 , (11)
where tij is the inverse of tij given in equation (2). Equation
(11) yields
ρ(N)(a, τ1, τ2,m) =
− 1
(2pia)2
Γ
(−N−22 )
4
√
pi(4pi)
N−3
2
∞∑
n1,n2=−∞
(
tijninj +m
2
)N−2
2 . (12)
The sum in the above equation is the extended Chowla-
Selberg zeta function and can be written as (see, appendix A)
∞∑
n1,n2=−∞
(
tijninj +m
2
)N−2
2
= mN−2 +
1
aN−2
[
2τ˜
2−N
2
2 ζEH
(
2−N
2 , τ˜2 a
2m2
)
+ 2
√
pi
Γ
(
1−N
2
)
Γ
(
2−N
2
) τ˜ N22 ζEH ( 1−N2 , a2m2τ˜2 )
+
8pi
2−N
2
√
τ˜2
Γ
(
2−N
2
) ∞∑
n,p=1
p
1−N
2
(
n2 + a
2m2
τ˜2
)N−1
4
× cos(2pi τ˜1 n p)KN−1
2
(
2pi τ˜2 p
√
n2 + a
2m2
τ˜2
)]
, (13)
where τ˜i = τi/|τ |2 and ζEH(s, q) is the Epstein-Hurwitz zeta
function expressed by
ζEH(s, q) = − 12q−s +
√
pi
2
Γ(s− 12 )
Γ(s)
q−s+
1
2
+
2pis
Γ(s)
q
1−2s
4
∞∑
n=1
ns−
1
2Ks− 12 (2pin
√
q) . (14)
Note that
Λq.corr.(N) = −
1
2
(4pi)−
N
2 Γ
(−N2 )mN , (15)
so that as N → 4 the potential V (a, τ) can be expressed in
terms of the observed cosmological constant Λobs(4) and a finite
quantum correction ρobs(4) ,
1 We neglect the very small curvature of the (N−2)-dimensional spacetime.
3ρobs(4) (a, τ1, τ2,m)
= − 1
(2pia)4
[
2(am)3/2
τ˜
1/4
2
∞∑
p=1
1
p3/2
K3/2
(
2pi p am
√
τ˜2
)
+ 2 τ˜2(am)
2
∞∑
p=1
1
p2
K2
(
2pi p am√
τ˜2
)
+ 4
√
τ˜2
∞∑
n,p=1
1
p3/2
(
n2 + (am)
2
τ˜2
)3/4
× cos(2pi τ˜1 p n)K3/2
(
2pi p τ˜2
√
n2 + (am)
2
τ˜2
)]
. (16)
After assuming |τ | = 1 equation (16) coincides with the cor-
responding formula given in [12]. In the massless case (16)
reduces to
ρobs(4) (a, τ1, τ2, 0) = −
1
(2pia)4
[
ζ(3)
2piτ˜2
+
pi2τ˜22
90
+
4
√
τ˜2
∞∑
n,p=1
(
n
p
)3/2
cos(2pi n p τ˜1)K3/2(2pi n p τ˜2)
]
. (17)
Explicitly, the potential V1(a, τ,m) for a single scalar can be
written as
V1(a, τ,m) = (2pia)
2
[
ρobs(4) (a, τ1, τ2,m) + Λ
obs
(4)
]
. (18)
For the standard model we simply multiply ρobs(4) (a, τ1, τ2,m)
by the appropriate factor reflecting the number of degrees of
freedom in four dimensions and add a minus sign for fermions
(i.e., 2 for the photon, 2 for the graviton, −4 for a Dirac neu-
trino, −2 for a Majorana neutrino) [1, 13–15] and sum over
degrees of freedom.
Note that for m  1/a we obtain from equation (16) the
relation ρobs(4) ∼ exp(−2pi am) (up to a factor of τ˜±1/22 in
the exponent). We restrict our attention to the lengthscale
a 1/me so that the Casimir energies of the electron and all
heavier standard model particles are negligible compared to
the contributions of the photon, graviton, and the neutrinos.2
A. Dirac neutrinos
For the standard model with Dirac neutrinos the potential is
V (a, τ) = (2pia)2
[
4 ρobs(4) (a, τ1, τ2, 0)
− 4
3∑
i=1
ρobs(4) (a, τ1, τ2,mνi) + Λ
obs
(4)
]
. (19)
2 It will become clear from figures 1 and 2 that our results hold for the full
range of a where the standard model is valid.
Although the neutrino masses have not been determined, we
can use experimental mass splittings for the atmospheric and
solar neutrinos to generate the spectrum given the lightest neu-
trino mass and a choice of hierarchy. This allows us to inves-
tigate the potential for various values of the lightest neutrino
mass. Experimentally, ∆m2atm = (2.43± 0.13)× 10−3 eV2,
∆m2sol = (7.59±0.20)×10−5 eV2 [16]. We adopt the obser-
vational value of Λobs(4) ' 3.1× 10−47 GeV4 [16] and numeri-
cally solve the three equations in (9) for awith the formula for
V (a, τ) given by equation (19) and require the three inequal-
ities in (9) to hold. We denote the solution by a0. We narrow
our analysis to the fundamental region τ1 ∈ (−1/2, 1/2],
|τ | ≥ 1 and τ2 > 0 [10, 17], as this is the moduli space of
physically distinct vacua.
It turns out that even before performing the numerical anal-
ysis we can precisely determine the values of τ for which the
potential (19) has its extrema. Note that the Casimir energy
density (11) is invariant under SL(2,Z) modular transforma-
tions. In particular, the two generators of the modular group
are T : τ → τ + 1, corresponding to a change of indices
(n1, n2) → (n1, n2 − n1), and S : τ → −1/τ , being equiv-
alent to (n1, n2) → (−n2, n1). The same symmetries are
exhibited by the potential (19) since it is a linear combina-
tion of the Casimir energies of the particles. It has been ar-
gued that the fixed points τ = i (for the transformation S) and
τ = 1/2 + i
√
3/2 (for TS) correspond to extrema of the po-
tential [10, 13, 17]. A numerical analysis shows that only the
second one corresponds to a minimum of the potential. Thus,
all new two-dimensional standard model vacua are character-
ized by (τ1, τ2) = (1/2,
√
3/2).
(a) For a normal hierarchy the neutrino masses are
(m2ν1 ,m
2
ν2 ,m
2
ν3) = (m
2
ν1 ,m
2
ν1 + ∆m
2
sol,m
2
ν1 +
∆m2atm + ∆m
2
sol). There are no two-dimensional
vacua for mν1 . 4.42 × 10−12 GeV. For all masses
mν1 & 4.42 × 10−12 GeV we find precisely one
stable vacuum. Table I shows the values of an.h.0
for several masses mν1 . The radii are expressed in
GeV−1
(
1010 GeV−1 ' 2 µm). The plot of the poten-
tial V (a, τ) for τ = 1/2 + i
√
3/2 and several masses
from table I is given in figure 1 (a).
(b) For an inverted hierarchy the neutrino masses are
(m2ν1 ,m
2
ν2 ,m
2
ν3) = (m
2
ν3 + ∆m
2
atm − ∆m2sol,m2ν3 +
∆m2atm,m
2
ν3). This time there are no two-dimensional
vacua for mν3 . 1.12 × 10−12 GeV. For all masses
mν3 & 1.12× 10−12 GeV we again find precisely one
stable vacuum. Values of ai.h.0 for a few masses mν3
can be found in table I. The plot of V (a) for some of
the masses from table I is given in figure 1 (b).
4mlight ν [GeV] a
n.h.
0 [GeV−1] a
i.h.
0 [GeV−1] (τ1, τ2)
1.12× 10−12 – 2.54× 1010 (1/2,√3/2)
4.42× 10−12 4.76× 1010 1.55× 1010 (1/2,√3/2)
1.0× 10−11 2.23× 1010 1.21× 1010 (1/2,√3/2)
2.0× 10−11 1.29× 1010 9.28× 109 (1/2,√3/2)
3.0× 10−11 9.46× 109 7.66× 109 (1/2,√3/2)
1.0× 10−10 3.39× 109 3.28× 109 (1/2,√3/2)
1.0× 10−9 3.52× 108 3.52× 108 (1/2,√3/2)
TABLE I: Values of an.h.0 , ai.h.0 , τ1, τ2 for two-dimensional standard model
vacua for several lightest Dirac neutrino masses mlight ν (mν1 for normal
hierarchy, mν3 for inverted hierarchy). Note that 10
10 GeV−1 ' 2 µm.
FIG. 1: (a) Plots of V (a) for Dirac neutrinos with normal hierarchy for
masses mν1 = 4.42 × 10−12 GeV (purple), 1.0 × 10−11 GeV (red),
2.0× 10−11 GeV (green), and 3.0× 10−11 GeV (blue); (b) Plots of V (a)
for Dirac neutrinos with inverted hierarchy for mν3 = 1.12 × 10−12 GeV
(purple), 4.42 × 10−12 GeV (red), 1.0 × 10−11 GeV (green), and 2.0 ×
10−11 GeV (blue).
B. Majorana neutrinos
In the case of the standard model with Majorana neutrinos
the potential takes the form
V (a, τ) = (2pia)2
[
4 ρobs(4) (a, τ1, τ2, 0)
− 2
3∑
i=1
ρobs(4) (a, τ1, τ2,mνi) + Λ
obs
(4)
]
. (20)
mlight ν [GeV] a
n.h.
0 [GeV−1] a
i.h.
0 [GeV−1] (τ1, τ2)
0 1.06× 1010 5.17× 109 (1/2,√3/2)
5.0× 10−12 9.29× 109 5.04× 109 (1/2,√3/2)
1.0× 10−11 7.69× 109 4.79× 109 (1/2,√3/2)
2.0× 10−11 5.64× 109 4.19× 109 (1/2,√3/2)
1.0× 10−10 1.67× 109 1.62× 109 (1/2,√3/2)
1.0× 10−9 1.74× 108 1.74× 108 (1/2,√3/2)
TABLE II: Values of an.h.0 , ai.h.0 , τ1, τ2 for two-dimensional standard
model vacua for several lightest Majorana neutrino masses mlight ν (mν1
for normal hierarchy, mν3 for inverted hierarchy).
FIG. 2: (a) Plots of V (a) for Majorana neutrinos with normal hierarchy for
mν1 = 0 (purple), 5.0 × 10−12 GeV (red), 1.0 × 10−11 GeV (green),
and 2.0 × 10−11 GeV (blue); (b) Plots of V (a) for Majorana neutrinos
with inverted hierarchy for mν3 = 0 (purple), 5.0 × 10−12 GeV (red),
1.0× 10−11 GeV (green), and 2.0× 10−11 GeV (blue).
In order to find new standard model vacua we perform analo-
gous steps as in the case of Dirac neutrinos. We find that for
Majorana neutrinos there always exists precisely one standard
model vacuum (this time for any value of mlight ν) character-
ized also by (τ1, τ2) = (1/2,
√
3/2). Table II presents the
values of a0 for a few lightest neutrino masses for the normal
and inverted hierarchies. Figure 2 shows the plot of V (a) for
some of those masses.
5III. COMPACTIFICATION ON A 2D SPHERE
Now we attempt to find the lower-dimensional standard
model vacua for a 2D compactification on a sphere. The
spacetime interval we consider is
ds2 = gµν(x)dx
µdxν +R2(x)
(
dθ2 + sin2 θ dφ2
)
, (21)
where θ ∈ [0, pi], φ ∈ [0, 2pi). The N -dimensional Einstein-
Hilbert action is again given by equation (3) and, after the
reduction to a (N − 2)-dimensional spacetime, it takes the
form
S =
∫
dN−2x
√−g(N−2)
[
(4piR2)
1
2
MN−2(N)
×
(
R(N−2) + 2
(∂µR)
2
R2
)
− V (R)
]
, (22)
where
V (R) = (4piR2)
[
−
MN−2(N)
R2
+ ρ(N) + Λ(N)
]
. (23)
In the case of the sphere the potential includes not only the
Casimir energy density and the cosmological constant term,
but also the curvature of the sphere (in the case of the torus
this additional term is obviously zero).
We again perform a conformal transformation of the metric
and write down the action in the (N−2)-dimensional Einstein
frame. The desired transformation is
gµν →
[
(4piR2)MN−2(N)
MN−4(N−2)
]− 2N−4
g(E)µν , (24)
and the action takes the form
S =
∫
dN−2x
√
−g(E)(N−2)
[
1
2
MN−4(N−2)
(
R(2+)
−2(N − 2)
N − 4
(∂µR)
2
R2
)
− Veff(R)
]
, (25)
where
Veff(R) =
[
(4piR2)MN−2(N)
MN−4(N−2)
]−(N−2N−4 )
V (R) . (26)
The conditions for a stable stationary point are obtained simi-
larly as in the torus case and, since this time the potential is a
function only of R, they are
V (R) = 0 , ∂RV (R) < 0 . (27)
Note that the 4-dimensional Planck mass is large (M(4) '
1.22 × 1019 GeV) and the 4-dimensional cosmological con-
stant is tiny (Λobs(4) ' 3.1× 10−47 GeV4). We find that quan-
tum corrections are negligible (with respect to both classical
terms) for R  1/(Λobs(4) )1/4 ' 4 × 1011 GeV−1. In the
region of R where classical effects dominate, the potential is
V (R) = 4pi
[
−M2(4) +R2Λobs(4)
]
. (28)
The first condition in (27) yields the classical solution
R0 =
M(4)√
Λobs(4)
' 4.3× 1026 m , (29)
which is approximately the current Hubble radius, but this so-
lution is unstable since the second condition is not fulfilled.
In the region 1/M(4)  R . 1/(Λobs(4) )1/4 the squared
Planck mass still dominates the potential (the fact that quan-
tum corrections become larger than the cosmological constant
term is irrelevant) and there are no stable vacua since the equa-
tion V (R) = 0 has no solutions.
However, it is possible to find stable vacua in the pres-
ence of a magnetic flux. This introduces an additional term
in the potential (28) proportional to N2/(eR)2 (where N is
the number of magnetic flux quanta, e is the electron charge)
and yields exactly one stable solution
R =
M2(4) −
√
M4(4) − N
2
2e2 Λ
obs
(4)
2Λobs(4)
1/2 , (30)
valid for N <
√
2 eM2(4)/(Λ
obs
(4) )
1/2 and the region of R
where quantum corrections are negligible compared to both
classical terms. The existence of a stable vacuum for R 
4× 1011 GeV−1 requires 1030 . N . 1061, where the upper
bound corresponds toR .M(4)/(2Λobs(4) )1/2 ' 1042 GeV−1.
Taking into account also the region of R where just the
squared Planck mass dominates over the quantum correc-
tions, stable vacua exist for the whole range 1017 . N .
1061, where the lower bound is set by the experimentally
tested region of validity of the standard model, that is R &
1/(100 GeV).
We have also investigated 2D compactifications on surfaces
of genus g > 1. The curvature of such manifolds is negative,
therefore the squared Planck mass term enters the potential
with a positive sign. In the region where quantum effects are
negligible the equation for the volume modulus corresponding
to the first condition in (27) has no solutions. This indicates
that there are no 2D standard model vacua for such compacti-
fications, even after introducing magnetic flux.
IV. CONCLUSIONS
We have investigated the vacuum structure of the standard
model coupled to gravity with two spatial dimensions com-
pactified (on a 2D torus and on a 2D sphere). We have
calculated the potential, which, apart from the cosmological
constant term, contains also Casimir energies of the standard
model particles and, for the sphere case, includes a curvature
term.
6For the 2D torus compactification we did our analysis sep-
arately for the standard model with Dirac and Majorana neu-
trinos. For each of those cases we performed the calculation
assuming a normal hierarchy, as well as an inverted hierarchy
of the neutrino masses. We have shown that for the standard
model with Majorana neutrinos there always exists precisely
one new two-dimensional standard model vacuum. In the case
of Dirac neutrinos we have also found exactly one standard
model vacuum, but it exists only for a subset of the experi-
mentally allowed neutrino masses. The minimum value of the
lightest Dirac neutrino mass for which there is a vacuum de-
pends on the type of hierarchy. The toroidal shape of the new
vacuum for both Dirac and Majorana neutrinos is character-
ized by (τ1, τ2) = (1/2,
√
3/2); its volume modulus a2 de-
pends on the mass of the lightest neutrino and we find a to be
on the order of microns. In our work we used periodic bound-
ary conditions for the fermions. It is worthwhile to consider
other boundary conditions.
The compactification on a 2D sphere is considerably differ-
ent since the potential contains an additional curvature term
resulting from dimensional reduction. For large enough radii
the potential becomes classical. A straightforward classical
analysis shows that a new stable two-dimensional standard
model vacuum exists only after introducing a large magnetic
flux. Finally, we have argued that for 2D compactifications
on surfaces of genus g > 1 there are no new standard model
vacua.
The calculations in this paper are not speculative physics.
They contribute to determining the vacuum structure of the
standard model and depend only on long distance physics.
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Appendix A: Generalized Chowla-Selberg formula
Here we derive, following the steps outlined in [18, 19], the
formula for the regularized double sum in equation (12), in
which the divergent pieces of the analytic continuation occur
as poles in gamma functions for particular values of N . We
start by writing down the formula for the Jacobi theta function
θ3(z, w) =
∞∑
n=−∞
eipi(n
2w+2nz) , (A1)
where z, w are complex numbers and Im(w) > 0. We note
that the following Jacobi identity holds [20]
θ3
(
z
w ,− 1w
)
=
√−iw eipi z
2
w θ3(z, w) . (A2)
After using (A1) to rewrite (A2) and expressing it in terms of
the new variables w′ = −ipiw and z′ = z/w we arrive at
∞∑
n=−∞
e−(n+z
′)2w′
=
√
pi
w′
[
1 + 2
∞∑
n=1
e−
pi2n2
w′ cos(2pinz′)
]
(A3)
with Re(w′) > 0. Notice that the corresponding formula in
[19] is missing a factor of 2.
We now express the general form of the double sum by
∞∑
n,p=−∞
(
Ap2 +Bpn+ Cn2 +Q
)−s
=
1
Γ(s)
∞∑
n,p=−∞
∫ ∞
0
dt ts−1e−(Ap
2+Bpn+Cn2+Q)t . (A4)
We assume A, Q > 0 and 4AC − B2 > 0. Writing the
quadratic form as
Ap2 +Bpn+ Cn2 = A
(
p+ B2An
)2
+ ∆4An
2 , (A5)
where ∆ = 4AC − B2, and using relation (A3) with respect
to the index p for z′ = B n/(2A) and w′ = A t, we arrive at
∞∑
n,p=−∞
(
Ap2 +Bpn+ Cn2 +Q
)−s
=
1
Γ(s)
∞∑
n=−∞
∫ ∞
0
dt ts−1e−(
∆
4An
2+Q)t
×
√
pi
At
[
1 + 2
∞∑
p=1
e−
pi2p2
At cos
(
pi n p BA
)]
. (A6)
The n = 0 contribution to (A6) is
2A−s
∞∑
p=1
(
p2 + QA
)−s
+Q−s . (A7)
Making use of the property of the modified Bessel functions
of the second kind∫ ∞
0
duus−1e−α
2u− β2u = 2
(
β
α
)s
Ks(2αβ) , (A8)
the contribution of the sum over non-zero n gives
∞∑
n,p=−∞
(
Ap2 +Bpn+ Cn2 +Q
)−s ∣∣∣∣∣
n 6=0
= 2
√
pi
A
Γ(s− 12 )
Γ(s)
(
∆
4A
) 1
2−s
∞∑
n=1
(
n2 + 4AQ∆
) 1
2−s
+
8pis
Γ(s)
A−
s
2− 14
(
∆
4A
)− s2 + 14 ∞∑
n,p=1
ps−
1
2
(
n2 + 4AQ∆
) 1
4− s2
× cos (pi n p BA )Ks− 12
(
pi p
√
∆
A
√
n2 + 4AQ∆
)
. (A9)
7We point out that the corresponding formula in [19] has an
error in the definition of b and is correct only after substituting
b→ 2b. We finally arrive at
∞∑
n,p=−∞
(
Ap2 +Bpn+ Cn2 +Q
)−s
= Q−s + 2A−sζEH
(
s, QA
)
+
22s
√
piAs−1
∆s−
1
2
Γ(s− 12 )
Γ(s)
ζEH
(
s− 12 , 4AQ∆
)
+
pis
Γ(s)
2s+
5
2 ∆
1
4− s2√
A
∞∑
n,p=1
ps−
1
2
(
n2 + 4AQ∆
) 1
4− s2
× cos (pi n p BA )Ks− 12
(
pi p
√
∆
A
√
n2 + 4AQ∆
)
, (A10)
where the Epstein-Hurwitz zeta function
ζEH (s, q) =
∞∑
n=1
(
n2 + q
)−s
(A11)
can also be regularized through the above procedure and is
given by formula (14). From the form of the metric (2) and
formula (12) we immediately identify
A =
|τ |2
a2τ2
, B = − 2τ1
a2τ2
, C =
1
a2τ2
,
Q = m2 , s = 2−N2 . (A12)
A quick check shows that ∆ = 4/a4 > 0, thus formula (A10)
applies. Substitution of (A12) into (A10) yields relation (13).
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